Let %n{n^:2) be an w-dimensional Euclidean space, and let S be any set of points in ^n. There exist a number of instances in which the following question has an interesting answer. Suppose a property A holds on each (w -1) -dimensional linear section S n -i* of 5. What additional property B assumed to hold on each section 5 n -i* will insure that property A holds on 5?
1. Theorems on closed, open and bounded sets. The following theorem illustrates the theory, and plays an important role in a succeeding theorem. It is a case in which condition B is sufficient but not necessary. We shall always assume n*z2.
THEOREM 1. Let S be any set in ^n (n}£2). If each (n -1) -dimensional linear section of S is connected and closed, then S is closed.
PROOF. Suppose S is not closed. Then there exists a point p&S which is a limit point of S. Let L n -i be an (w -1) -dimensional hyperplane containing p, such that S • Z, n _i 5^ 0. Since, by hypothesis, Sn-i^ S • L n -i is closed, there exists an (n -1)-dimensional closed cube Cn-iQLn-i, which contains p in its interior, and for which Cn-i -Sn-i = 0. Let P n be an w-dimensional hyperprism passing through Cn-i, and perpendicular to L n~i . Since p is a limit point of S which is not in 5, and since S n -i is closed, there exists a sequence of points piÇzS-Pn, such that £*'€£Z, n _i, and such that p i ->p as i-*oo. Let L n _ 2 be any (n -2)-dimensional hyperplane contained in L n _i such that 5-jL n _ 2 7^0, and such that L n -2 • C n -i = 0. Then there exists a sequence of hyperplanes L n -i i determined by L n -2 and p\ By hypothesis each set S-Ln-i* is connected. Hence since £*£S-jL n -.i*-P n , and since any point qÇîS-Ln^-Ln-i* is not in P w , the connectedness of S-Z, n -i* im- plies that p i and q can be joined by a connected subset of S-Ln-i* which intersects the boundary of the prism, B(P n ).
Hence let
Since the set {r { } is infinite, and since the prism P n has a finite number of {n -1)-dimensional plane faces, there exist an infinite subset of {r*}, namely {r^}, which lie on one face of P n -Designate this face by jF n -i*, so that rv£^n-i*-£n-i*>. Furthermore since p*s->p f as if-• <», the set {r l i) lies on a bounded portion of F n -x*. Hence since Zn-i*'-»£n-i as i ; -»<*>, the set {rv} has a limit point r existing in £ w -i. Since r^G^n-i* , 5, and since by hypothesis SZ,n-i* is closed, rGS-7^*. Hence rGS. But fGW'I^CC-i, which is a contradiction, since by construction C»-i-5»_i = 0. Thus the indirect proof is completed, and Theorem 1 is proved. PROOF. Choose pÇzS> and let £ n -2 be a hyperplane containing the point p. Consider the family of hyperplanes L«_i a passing through Z, n _ 2 . Let Sn TO (w = l, 2, • • • ) be a set of spheres with centers at p of radii ra.
Suppose that 5 is unbounded. Then there exists a sequence of points x*ÇzS (i = l, 2, • • • ) such that the distance 5(/>, #*)*-*°° as i->oo. Let £*-.!* designate the member of L n -i° for which tf'ÇLn-i*. Since />G5-L n -i < Sn w , and since, for any fixed value of m, ^£5*I»-i < -Sn m (for sufficiently large values of i), the connectedness of S-Ln-i* implies that £ and x* can be joined by a connected subset of S-Ln-i* which intersects the boundary of Sn w , (1) Each two-dimensional linear section of S through the point a is a simply connected, generalized continuum.
(
2) For each point q&S, there exists a constant M >0, such that each two-dimensional linear section containing a and q contains a continuum joining a and q of diameter less than M.
The necessity is immediate. In particular for condition (2) note that M can be any number greater than the distance ô(a, q).
SUFFICIENCY PROOF. Suppose S is not a star with respect to the point a. Then since S is closed, there exist distinct points &£S, c£S, such that ô(a, c) = ô(a, b) + ô (b, c) are uniformly bounded, and since S is closed, we have A -S^T^O. This is a contradiction; hence the remark holds. In exactly the same way, the set of angles {/?} for which D 2 P~ is bounded is closed. Since the two closed sets {a} and {/?} cover the continuum 0 3*0 ^7r, they have a value in common. Hence there exists a plane £ 2 0 , 0 ^ <j> ^7r, such that each A* -and A* + is bounded. But in this case C 2 + would be bounded, and S 2 * would not be simply connected. Hence Theorem 4 is proved. The necessity is obvious. To prove the sufficiency note that Theorem 1 implies that S is closed. Hence by Theorem 4, S is star-like with respect to all points of S. Thus by definition S is convex. Since T is linear (additive and continuous), and since by hypothesis SL is connected and bounded, it follows that the linear section £2-la is connected and bounded. Hence by Theorem 3 with w = 2, the set 52 is bounded. Thus each functional fi(x) andf2(x) is bounded for all x in 5. Since fi(x) was an arbitrary linear functional, independent of f2(x), we have shown that all linear functionals defined on Vît are bounded on 5. Hence by a classical theorem of uniform boundedness [3] , the set 5 is bounded. Since the connectedness is well known, Theorem 6 has been established. It should be noted that in light of Theorem 6 the proof for Theorem 3 need only have been given for n = 2 ; however, since the proof for n dimensions was not appreciably longer, an elementary proof independent of the abstract boundedness theorem seemed desirable.
4. Concluding remarks. It should be observed that in Theorems 1-3 one cannot delete connectedness entirely, for then the theorems in general are no longer true. Theorem 5 has a preferred form since no hypotheses are placed on 5 itself. Theorem 4 needs to be formulated so as to hold for (n-r)-dimensional sections. This problem is still unsolved. It should be noticed in dealing with non-compact sets that the complement of an unbounded convex set or of an unbounded star need not be connected. Hence conditions on the complement necessary to yield a characterization take on a different form than those given by Aumann [l] 1. Introduction. The motive for investigating the class L w of functions belonging to all Z>-classes has no measure-theoretic origin: it was our desire to discover whether or not in every convex metric ring 1 R one could find a system { U] of convex neighborhoods of 0 having the property that/, g E U implies f g G U. We show here that Z, w has no proper convex open set U containing 0 and satisfying the relation UUQ U, thus supplying the desired counter-example.
The significance of neighborhood systems of the type {If} described above is made somewhat clearer by a proof that they insure the existence and continuity of entire functions (for example, the exponential function) on the topological ring R.
Such neighborhood systems { U} are always present in rings of continuous real-valued functions over any space, provided that convergence means uniform convergence on compact sets.
We also consider the relation of L°°, L°, and the 2>-classes, since L u does not seem ever to have been discussed as a topological and algebraic entity.
2. Notation and elementary facts. Let us consider measurable functions defined on [O, l] . For ^1 we shall consistently employ the usual notation
